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F o r  the  so lu t ion  of the  d i f f e r e n t i a l  equa t ion  d e s c r i b i n g  the p r o c e s s  of hea t  p r o p a g a t i o n  in an  
oi l  s t r a t u m  we p r o p o s e  a mono ton ic  d i f f e r e n c e  s c h e m e  of a l t e r n a t i n g  d i r e c t i o n s  which  c o n -  
v e r g e s  wi th  a r a t e  of O(h 2 + ~-2). 

1 .  S t a t e m e n t  o f  t h e  P r o b l e m  

T h e  m a t h e m a t i c a l  p r o b l e m  m a y  be  s t a t e d  in  the  fo l lowing way .  

In  the  r e c t a n g u l a r  c y l i n d e r  D = (A + F) x [0 < t -< T] ,  w h e r e  A = {0 < x a <lo~, c~ = 1, 2}, we a r e  r e -  
q u i r e d  to f ind  a so lu t ion  of the  equa t ion  

Ou = Lu + [ (x, t), v(x) O-7- 

which s a t [ s t i e s  the  b o u n d a r y  cond i t ion  

and the i n i t i a l  cond i t ion  

H e r e  

xEa, x = ( x .  x~), 

utr = e (x, t) 

u (x, o) = Uo (x). 

Lu = L~u, L~u = Ox~ ~,~,(x) -~-v~(x) ~x~ ' 
~,~1 

7(x) ~ c o > 0, ~a(x)  >- c > 0, c o and c a r e  c o n s t a n t s .  

(i) 

(2) 

�9 (3) 

2 .  D i f f e r e n c e  S c h e m e  

We c o v e r  the  d o m a i n  A + r wi th  a u n i f o r m  r e c t a n g u l a r  m e s h  Wk = {xia = i a h ~ ,  io~ = 0, 1 . . . . .  N(~, 
Na = I c J h c l  , o~ = 1, 2}. Let  w h deno te  the  se t  of i n t e r i o r  nodes  of the  mesh 'W h. We i n t r o d u c e  a m e s h  fo r  
the  t i m e  c o o r d i n a t e  t in a s i m i l a r  way: 

~ =  {t k =  2k% k = O, 1 . . . . .  N 3, N 3 = T/2"c}. 

On the  m e s h ' ~ h  x ~5~- we a p p r o x i m a t e  the  d i f f e r e n t i a l  p r o b l e m  {1)-(3) by  m e a n s  of a d i f f e r e n c e  p r o b -  
l e m .  F o r  x E% h x ' ~ -  we m a y  w r i t e  the  equa t ions  

g 2 k + l  _ _  g~k 
p = Alg ~k+l + A~g ~k -F q 0~+', (4) 

T 

g2k+z  _ _  y 2 k + l  
p = Alg~k+x + A~g~k+2 + @k+l. (5) 

T 

To E q s .  (4) and  (5) we m u s t  append  the  i n i t i a l  cond i t ion  
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and the d i f f e rence  boundary  condi t ions  

for  xl = O(i I = 0), x 1 = li(i  1 = NiL 

for  x 2 = 0(i 2 = 0), x 2 = 12(i 2 = N2). 

y (x, o) = uo (x), x ~ o , ,  (s) 

y2e+i 1 (g~  + g~+~) __ ~ A (g~+~ - -  g~)  
= - - 2  ~"  

(7) 

y~+~ = g~+~ (8) 

We obtain the condi t ion  (7) by sub t r ac t ing  Eq. (5) f r o m  Eq. (4) and noting that y2k = g2k, y2k + 2 = g2k +2 
f o r x ~  : 0 a n d x ~  = l  1. 

In Eqs .  (4)-(8) we have used  the notat ion 

x = x~ = (xq = izh~, xq  = i~h~), y = yqq ,  

p = pqq,  r = f (x ,  t ~ + ' Q ,  (9) 

A c d l = R a ( d a Y z a ) X a + (  va + 'Va[2x a ) d(+~a) Y~a + ( v a -  ]va]2xa ) d ( - ' a )  y;'a' 

w h e r e  

2 ~ a  dec 
; ; 9u = "r q, x2;i); R~;i a = 2~a:t~ + ha ]va:ial 

~'a;ia+l/2 Y~a+1 - -  (Xa;~a+I/2 + ~;ia-~/2 ) Via + ~'a;~a-~/2 Y~a-~ 

i s  a s e c o n d - o r d e r  divided d i f fe rence ;  

~Xa 
Yia+l - -  Yia Yia - -  Y ~ - ~  

h a " ; Y;a - -  h a 

d (+1~ = dia+l "- Ea;ia+:/2; d (- la)  = dla = ~.a;io,_I/2 , cz = l, 2. 

In this  notat ion we have omit ted,  fo r  s impl ic i ty ,  one of the subsc r ip t s ,  which for  a given d i r ec t i on  c~ is  
f ixed.  

A d i f fe rence  o p e r a t o r  of the f o r m  (9) was  used  for  the f i r s t  t ime  in [2] to f o r m u l a t e  a monotonic ,  
loca l ly  u n i f o r m  s c h e m e  conve rg ing  with a r a t e  of O(h 2 + "r). 

The  a l t e rna t i ng  d i r ec t i on  s c h e m e  gives  a m u c h  m o r e  a c c u r a t e  solut ion for  one and the s a m e  t ime  
step than does  the loca l ly  un i fo rm  scheme ,  a l though the computa t iona l  s tabi l i ty  of the loca l ly  un i fo rm 
s c h e m e  is  somewha t  be t t e r .  B e c a u s e  of this  the a l t e rna t ing  d i r ec t ion  s c h e m e  can  be used  with a f a i r l y  
c rude  t ime  step when making  ca lcu la t ions  on an e l ec t ron i c  digi tal  c o m p u t e r .  

To imp lemen t  the s c h e m e  (4)-(8) we can use  the method  of pa ths  [1]. Indeed, we m a y  r e w r i t e  Eqs .  
(4) and (5) in the f o r m  

g2k+l - -  C tt2k+l ~. b ,2k+t Pqq g2~ __ A2y2k __ ,~2~-~-i (10) 
at ; i l i2  i l_ l , i2  1;ili2 ~il i2 i ~l;/lt. 2 ~ i1+i , i  2 = T ili2 ili2 "~ili2 ' 

a .2~+2 - -  c .2k+2 _~_ .2k+2 _ Pq~'~ y.2k.+i __ A ,,2k+j ~2k+I (11) 
2;ili2 Yi l ' i2  - 1  2;t'1/2 ~ili2 b2;ili2 ~i1'i2 +1 ,T tit2 l y i l i2  - -  ~ i l i2  ~ 

i 1 = I ,  2 . . . . .  N 1 - 1 ,  i 2 =  1, 2 , . . . ,  N 2 - 1 ,  

w h e r e  

( R~ %--  b'al 
a~';~d~ = h~ 2 h ~  

[(R~ '%+'%, 
ba;ia~ p = - - 5 - -  + 

ha 2haX a 
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c~=ac,+b~-} - p ,  a, g = l ,  2, cr 

Since a a  > 0, b a  >0, c a  > ac~ + bc~, then, a c c o r d i n g  to [1], the method  of pa ths  i s  stable,  f o r  a r b i t r a r y  
s t eps  h~ and h z, fo r  Eq.  (10) with the  condi t ions  (7) and fo r  Eq. (11) with the  condi t ions  (8). 

The  p r o b l e m  of se lec t ion  of a method for  app rox ima t ing  s t a t iona ry  one -d imens iona l  equat ions  of the 
f o r m  (1) with an e r r o r  of O(h 2) wa s  t r e a t e d  in deta i l  in [4]. The s c h e m e s  p r e s e n t e d  there ,  involving " c e n -  
t r a l  d i f f e r ences"  and "noncen t r a l  d i f fe rences ,  " a r e  monotonic ,  i . e . ,  the m a x i m u m  pr inc ip le  is  va l id  for  
t h e s e  s c h e m e s  only for  v e r y  sma l l  va lues  of the convec t ive  speed.  Thus,  for  example ,  for  a cen t ra l  d i f f e r -  
ence  s cheme  in which the de r iva t ive  va0u/Oxo~ is app rox ima ted  by a cen t r a l  d i f fe rence  der iva t ive ,  the 
m a x i m u m  pr inc ip le  is  va l id  and it is so lvable  by the method  of paths  only when the condi t ions  h a < 2}, a 
/ I v  a{, a =1 ,  2 a r e  sa t i s f ied .  

In  r e a l  p r o b l e m s  the coeff ic ient  v(~ m a y  p rove  to be so l a r g e  that this  condi t ion is a lmos t  never  s a t -  
i s f ied .  

3 .  E r r o r  o f  A p p r o x i m a t i o n  i n  t h e  A l t e r n a t i n g  

D i r e c t i o n  M e t h o d  

Let  u = u{x, t) be a solut ion of the d i f fe ren t ia l  p r o b l e m  (1)-(3), and let y2k +2 ~k.+2 = , y l l l 2  be the solut ion 

of  the d i f fe rence  p r o b l e m  (4)-(8). As usual ,  we shal l  a s s u m e  that the p r o b l e m  (1)-(3) has  the unique so lu -  
t ion u = u(x, t) and that  all  the continuous de r iva t ives  of the funct ions u, ~ ,  t, a r e q u i r e d  in the c o u r s e  of 
the deve lopment  ex is t .  

We cons ide r  the d i f f e r ences  z 2k = y 2 k _  u2k z2k+l  = y 2 k + l  u2k+l  

Using T a y l o r  s e r i e s  expans ions ,  we m a y  r ead i l y  show that 

Uzk. ~ tt 2k+~ ~ tt~ k 
- + o (-~q. (~2) 

2 

We subst i tu te  y2k = z2k + u2k and y2k + 1 = zZk + 1 _ (u2k + u2k + 2)/2 + O(TZ) into Eq. (4), and a l so  y2k + 2 = z2k + 2 

+ u2k + 2 and the e x p r e s s i o n  (12) into Eq. (5); then to a s c e r t a i n  the e r r o r  i n c u r r e d  in the s c h e m e  (4)-(8), we 
have the  p r o b l e m  

Z2k kl - -  Z2k 
p - -  = Alz ~k+' + A~z ~k -t- $~k+2, (13) 

% 

Z2k+2 _ _  Z2 k+t 
P = A1z~k+ a _[_. A~Z2~+ 2 ~- ~[~+~ (14) 

2 

(is) 
22k+~ T ' * 2 t ~  - - S  / 

for  x I = 0(i 1 = 0), x 1 = / i ( i l  = N3), 
z~k+g=0 (16) 

for  x 2 = 0(i 2 = 0), x 2 =/2(i2 = N2), 

z(x, O) = O. 

H e r e  ~b 1 and ~2 a r e  the app rox ima t ion  e r r o r s  of s c h e m e s  (4) and (5), r e spec t i ve ly :  

U 2k _~- U2 k+2 /t2k+2 __ U2 k 
~k+2 = Az ~ + A~ u~k - -  P 2~ + r + 0 (x2), 

~zk+g - -  Ugh 
ugk + u~k+~ ~_ A2u~+~ _ _  p + @k + 0 (~). 

~k+2 = Az 2 2~ 

(17) 

The  s u m  ~ = ~b 1 + ~b 2 is then the app rox ima t ion  e r r o r  of the whole  s cheme  (4)-(8). 

We now ca lcu la t e  Ao~u. To do this  we wr i t e  it in the f o r m  

= a y ~  + y~. (18) 
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Using T a y l o r  s e r i e s  expansion,  we obtain 

(d~u; )~ - 

d(+lc0 0it 
y~  = ~ ~ § 

d(-~l Y;~, = 9~ Ou h~ 
Oxo~ 2 

Subst i tut ing Eqs .  (19)-(21) into Eq. (18), we obtain 

o Ou Ou 
A ~ u = ( R ~ - - l )  ~ ~ Ox~ /§  § " 2 ~  

o ~ + (h~), (19) 
a x ~  , 

2 Ox~ , Ox~ , 

o ~ + o (h~). 

0 [~ Ou " 1 0 ( Ou h ~ 

Ou ) h 2 = - -  0 { O. I + 0 + 0 ( 

Using Eq. (22) and the fact  that  (u 2 k + ~ -  u2k)/2~ " = 0u 2k +1/3t  + OU-2), we m a y  wr i t e  

u2k @ u2k+2 Ouek+l p/~+l 
~fill k+2 = L 1 @ Leu 2k --  p § + 0 (h 2 + "~) 

2 - - 5 7 -  

21 .' ~[-Ou 2k ) -21 'Lu2~+2 --7-Ou ek+2 Fk+2) _}_ "21 -- ( Lu ~k --  p T [2k § ( P § (Leu ~ -  L~u 2~+~) + 0 (h ~ § ~). (23) 
x 

Since the e x p r e s s i o n s  in the f i r s t  two p a r e n t h e s e s  a r e  zero ,  we have 

H e r e  h = max  (h l, h2). 

S imi la r ly ,  we m a y  ca lcu la te  

r = 1 (L~u~ __ L~u~k+~) + 0 (h ~ + ~) .  

~2k+2 = 1 2 - ~  (L2u 2k§ - -  L~u 2k) + 0 (h 2 + ~2). 

(24) 

(25) 

Adding Eqs .  (24) and (25), we have 

Vk,~ = r + r = 0 (h 2 + ~:); 

we have thus p r o v e d  the fol lowing t h e o r e m .  

THEOREM 1. The a l t e rna t ing  d i r ec t ions  s cheme ,  defined by Eqs .  (4)-(8), p o s s e s s e s  a total  a p p r o x i -  
ma t ion  of second  o r d e r  with r e s p e c t  to the space  and t ime  s teps  of the mesh .  

4 .  S t a b i l i t y  a n d  C o n v e r g e n c e  o f  t h e  A l t e r n a t i n g  

D i r e c t i o n s  M e t h o d  

In  the p r o o f  given in [3] of the c onve rgence  of the a l t e rna t i ng  d i r ec t ions  s c h e m e  the p e r m u t a b i l i t y  of 
the o p e r a t o r s  A l and A 2 is  e s sen t i a l .  In our ca se  p e r m u t a b i l i t y  of the o p e r a t o r s  A 1 and A 2 is inval id .  We 
have s u c c e e d e d  in d e m o n s t r a t i n g  c onve rge nce  of the d i f f e rence  scheme  th rough  the use  of the m a x i m u m  
p r inc ip l e .  

We wr i te  the e r r o r  z in the f o r m  z 2k = v 2k, z 2k+l = v 2k+i + w 2k+l,  z 2k+2 = v 2k+2, whe re  w 2k+l 

= _  7A2(u2k + 2 _ u2k)/2 is given for  0 -< x 1 -< ll,  0 < x 2 < l 2. Now f r o m  the r e l a t i ons  (13)-(17) we obtain the 
fol lowing p r o b l e m  for  v: 

U 2 k + l  _ _  ~)2k 
9 _ Alv2k+l § A~v2~ + • (26) 

T 

V 2 k + 2  _ _  ~ ) 2 k + l  _ _  A1 v2k+' § A2 v~k+2 + • (27) 
9 T 
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fo r  x i = 0(il = 0), x i -- / i( i l  = N), 

fo r  x2 = 0(i2 = 0), X 2 = 12(i 2 = N2), 

H e r e  

~)Sk+l ~ 0 

'O st~ ----- O, • _.~ 0 

v(x, o)= o. 

• = ~k+2 __ 9_P w~9+l + Alw~,~+x = AlwZ#+x + 0 (h 2 + x2), 

• = ,hsk+~ _ _ ~  Wsk+, + Alw~k+l = AlwSk+~ + 0 (h s + ~). 
"r2 T 

We then have  the fol lowing t h e o r e m .  

T H E O R E M  2. The  solut ion of the d i f f e rence  p r o b l e m  (4)-(8) c o n v e r g e s  u n i f o r m l y  to the solut ion  of 
the  d i f fe ren t i a l  p r o b l e m  (1)-(3) at a r a t e  equal  to the  o r d e r  of the  app rox ima t ion ,  i . e . ,  at  a r a t e  of O(h 2 
+ Y2) .  

We r e w r i t e  Eqs .  (26)-(30) in the  f o r m  

a yak+ i ^ Oak+ 1 b .ak+ l wak+~ 
1;i112 il__I,is - -  b[;ili.~ ili2 - ~  , 1;ili ~ U i l+ I , i  ~ : - -  1" 1;ili~ ' 

il-----1, 2 . . . . .  N~- -1 ,  
~+~----0, il-----0, N~, 

ili  ~ i~= l, 2 . . . . .  Ns--1,  

a v 2k+a . ~ + a  _ b _ 2k+a Fak+2 
2;ili $ i1.i2--1 ~ Ca;i 1 t 2 rl~2 T a;~li~ V[1,iS+I = - -  a; i lf  2 

i s = l ,  2 , . . . ,  N s - l ,  
vq~=O, i s=O, N v 

i ~ = 1 ,  2 . . . . .  N ~ - - I ,  

where 
[3 ~)2/~, 

~k+a = • + A,v~ + -7- 

F~k+a 2k+2 t o Oak+l = 2 + A l v  2 k + I + -  . 
17 

(29) 

(30) 

(31) 

(32) 

F o r  d i f f e rence  equat ions  of the f o r m  (31), (32) wi th  homogeneous  bounda ry  condi t ions ,  a m a x i m u m  
p r i n c i p l e  [1] is  a v a i l a b l e  p rov id ing  that  aa > 0, b a  > 0, c a  -> a a  + b a ,  a = 1, 2. T h e r e f o r e ,  in a c c o r d  
with [1], we have  the  fol lowing inequa l i t i e s  fo r  the  so lu t ions  of Eqs .  (31) and (32): 

max% F2k+L-~[ max {v2k+l[ ~ (33) 
e h  

max F6~2[ max Ivsk+~[ ..~ 6 = P-~ (34) 
~--h o#,z ' 1: * 

We in t roduce  a n o r m  for  the  v e c t o r s  in the fol lowing way: 

]~ (x)]J ---= max [~1 (x)[. 
x~e  h 

T h e n  the inequa l i t i e s  (33) and (34) m a y  be r e w r i t t e n  in the f o r m  

[lV2k+l,[ ~..: T~C0 1]•2k+2], + ( E  -]- ~ A 2)v 2k , (35) 

].os,~_ksjj .~ ~_ • ( 1 : )  co a + E + - ~ - A  1 v ak+l . (36) 

Since A t and A z a r e  nega t ive  o p e r a t o r s ,  then  

(E +~--~- 2)A" ~[..< [[v2kll, 
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T A B L E  1. Exact  and N u m e r i c a l  Solutions for  
x 1 : l . 9 a n d x  2 = 1 . 9  

Exact 
solutions 

Numerical solutions 

from the from the 
central monotonic 
difference 
scheme scheme 

0,0t 
0,02 
O ,03 
0,04 
0,05 
0,06 

7,2201 
7,2204 
7,2209 
7,2216 
7,2225 
7,2236 

7,2266113 
5,394775 

94,65258 
--3527,73 
142911,2 

--5777671,0 

7,231168 
7,239625 
7,246469 
7,252359 
7,257691 
7,262702 

and t h e r e f o r e  

E + T A =  ]1 . . . .  

I v2k+llJ ~G ~-o []• (37) 

,.,2~+2 ! 1• (38) ~ + !iv2k+'ll. 
GO 2 

Subst i tut ing inequal i ty  (37) into inequal i ty  (38) and 
c a r r y i n g  out the r e c u r r e n t  subs t i tu t ion  [Iv 2k II, IIv 2k-2II, 

. . . .  we obtain 
k 

IIv2~+~ll "< Co 

We have thus d e m o n s t r a t e d  the un i fo rm  s tabi l i ty  of the s e h e m e  defined by Eqs .  (4)-(8). 

(39) 

F r o m  inequal i ty  
(39) t he re  a l so  fol lows the c o n v e r g e n c e  of the solut ion of the d i f fe ren t ia l  p r o b l e m  (1)-(3) to the solut ion 
of  the d i f f e rence  p r o b l e m  (4)-(8) at a r a t e  equal to the o r d e r  of  the approx imat ion ,  s ince  

[l&=ek+,tl = 0 (h ~ + ~) 

The va l id i ty  of the l a t t e r  equal i ty  is ea s i ly  v e r i f i e d  s inee w 2k+l is  defined even  for  x 1 = 0, x 1 = l 1. 

5 .  N u m e r i c a l  C a l c u l a t i o n s  

To check  out the qual i ty  of the d i f f e rence  s c h e m e  c o n s i d e r e d  here ,  the known ana ly t ic  solut ion of 
the p r o b l e m  (1)-(3) in the squa re  (1 -- xl, x2 -< 2)with 

7 ( x .  q )  = x~ + x.; ~ (x,, xO = x~x~; X~ ( x .  x2) = x~ + x2; 

~ ( . i )  = - exp (5.1);  ~ (~1, x 0  = - exp [5(~1 + ~2)]; 

[ (x  1, x., t) = 2xl it - -  2x 2 - -  1 + exp (5xl)] -{- 2x2 { t -  2 + exp [5 (x a + xz)] }; 

[ x ~ + P + I  for" x l = l  , 

X~-~'t 2-<4 for x 1 = 2 ,  
g ( x .  x~, t ) =  .: [ x~ ~-t~+ 1 for x~ = 1, 

t xl2 _~_ t 2 + 4 for x~ = 2, 

u0 (xl, xO = x~ + x~, 

was  c o m p a r e d  with the n u m e r i c a l  so lut ions  obtained f r o m  the cen t r a l  d i f fe rence  s c h e m e  and f r o m  the 
monotonic  s c h e m e .  

R e s u l t s  of the ca lcu la t ions  at the point  [1.9, 1.9] a r e  shown in Table  1, the m e s h  s teps  for  the v a r i -  
ab les  x 1 and x 2 being taken  equal to 0.1. 

Th i s  example  shows that the monotonic  s c h e m e  of a l t e rna t e  d i r ec t ions  can  be s u c c e s s f u l l y  used  to 
ca lcu la te  p r o c e s s e s  d e s c r i b e d  by d i f ferent ia l  equat ions  of the f o r m  (1), w h e r e a s  a s t rong  ins tab i l i ty  d e -  
ve lops  at l a rge  convec t ive  speeds  when the cen t r a l  d i f fe rence  s cheme  and o ther  nonmonotonic  s c h e m e s  
a r e  employed .  

The  s c h e m e  p r e s e n t e d  he re  m a y  be used  for  solving quas i l i nea r  equat ions  of the f o r m  (1) and it m a y  
be r e a d i l y  g e n e r a l i z e d  to the case  of p l a n e - p a r a l l e l  g e o m e t r y .  

D 
F 

X i, X2 
t 
U 

L 

~h 

N O T A T I O N  

is  the r e g i o n  in which the solut ion is sought;  
is  the boundary  of the reg ion;  
a r e  space  coord ina te s ;  
is  the t ime;  
is the funct ion sought;  
is the d i f fe ren t ia l  ope ra to r ;  
is the m e s h  in space  va r i ab l e s ;  
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h l, h2 
h = max (h l, h 2) ; 
NI, N2 
~T 
T 

N3 
A t, A 2 

Y 
Z 

r 

a r e  s teps  in the mesh;  

a r e  the number  of s teps of  the mesh  ~h along the axes  x 1, x 2, respect ive ly ;  
is the mesh  for  the t ime  coordinate;  
is  the t ime step; 
is  the number  of s teps  along the t ime  axis;  
a r e  di f ference opera to rs ;  
is  the mesh  analog of function u; 
is the e r ro r ;  
is  the e r r o r  of approximat ing the different ial  p rob lem by a di f ference scheme.  

L I T E R A T U R E  C I T E D  

1. S . K .  Godunov and V. S. Ryaben 'ki i ,  Introduction to the Theory  of Difference Schemes [in Russian],  
Fizmatgiz ,  Moscow (1962). 

2. A . A .  Samarsk i i ,  Zh. Vychisl .  Matem.  [ Matem.  F iz . ,  5, No. 3, 548-551 (1965). 
3, D . W .  P e a c e m a n  and H. H. Rachford,  J .  Soc. Indus t r .  Appl. Math. ,  3, No. 1, 28-42 (1955). 
4. H . S .  P r ince ,  J .  C. Cavendish, and R. C. Varga,  Soc. Pe t ro l .  Engr~.  J . ,  8, No. 3, 293-303 

(1968). 

1456 


